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Abstract
Fathi, Jason Ceavash. M.S. The University of Memphis. August 2014. The Effect of
Vacancies on Plasmonic Response in Arrays of Gold Nanoparticles. Major Professor: Dr.
Russell Deaton PhD.
Advances in nanotechnology are leading to promising possibilities in the field of
cancer diagnostic and treatment. One proposed method is to coat metastasized cancer
cells with a metamaterial constructed from gold nanospheres. Then a photothermal
reaction may be induced to destroy the cancer cells by exploiting the fact that gold
nanoparticles’ have a strong localized surface plasmon resonance at infrared wavelengths
of light.
This metamaterial could be manufactured through self-assembly by using DNA to
bind the gold nanospheres together into an array. A material constructed in this manner
would have flaws that are inherent in any self-assembly process and a vacancy threshold
that still allows for a strong optical response must be determined.
The effects of flaws on the optical properties of such a material are addressed in this
thesis by modelling the material flaws as randomly generated vacancies in a 5 x 5 arrays
of gold nanoparticles. COMSOL is then used to simulate the optical response from 400
nm – 700 nm in wavelength. The results show the maximum extinction efficiency
response of the array occurs at 510 nm and is tolerant up to a vacancy error rate of 50%.
When this threshold is maintained the array’s peak response for current density will be
red-shifted 30 nm ahead and 10 nm ahead for total power dissipation.
Showing that extinction efficiency can reliably be used to predict the response of both
current density and total power dissipation for an array of gold nanospheres, while
allowing for a large amount of vacancy errors.
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Chapter 1
Introduction
Research Significance
Today, researchers are investigating how nanotechnology and metamaterials may be
used in the fight against cancer. One proposed method is the combined process of
diagnostic and therapeutic, or theranostic, use of metamaterials created from gold
nanoparticles (Lal, Clare, & Halas, 2008). Theory suggests, that with a proper delivery
system, metastasized cancer cells can be coated by the gold metamaterial and a
photothermal reaction may then be induced incinerating the cancer cell (Khlebtsov,
Zharov, Melnikov, Tuchin, & Khlebstov, 2006; Lal, Clare, & Halas, 2008). The
photothermal reaction would enable doctors to treat a patient whose only other alternative
is chemotherapy.
The theranostic capabilities of gold nanoparticles is due to its material properties of,
such as a plasmonic response at infrared wavelengths, combined with the human body
being mostly transparent within the same range (Khlebtsov et al., 2006; Lal, Clare, &
Halas, 2008). This combination makes them ideal building blocks for a metamaterial to
be used in the theranostic treatment of cancer, by allowing the destructing of cancer cells
while causing minimal damage to the surrounding tissue.
Self-assembly (Kim & Deaton, 2013; Xiao et al., 2012), which is the process of
assembling a structure through local reactions and without external guidance, is one
potential method for manufacturing this type of metamaterial. When creating
metamaterials for medical use, high levels of precision and control are desired. Despite
best efforts imperfections are not only possible, but are inherent to any process using self-
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assembly. Therefore the manufacturer must know the acceptable margin of error, or the
percentage of vacancies in an array of gold nanoparticles, that still results in the desired
material properties.
The majority of previous research has been confined to the studying the plasmonic
response of single particles or well defined geometric structures. Therefore a study is
needed to understand the effects of possible vacancies due to self-assembling a
metamaterial with gold nanoparticles.
Research Questions
This thesis investigates the random vacancy problem inherent in the self-assembly of
a gold nanoparticle metamaterial, by using COMSOL multiphysics software to model the
material as a 5 x 5 array of 3 nm gold nanospheres. The COMSOL model was then
validated by comparing the simulation results of the extinction efficiency for a single
gold nanoparticle with the Mie scatter solution calculated using Matlab. The results were
found to be valid within an acceptable margin error.
During self-assembly vacancy errors occur at random, therefore the dependencies
between a properties response versus the distribution of spheres must be determined.
Several COMSOL models, containing the same number of spheres with different
distributions, were simulated to demonstrate that the responses of extinction efficiency
(Qext), current density (CD), and total power dissipation (TPD) are dependent on
separate features of the sphere distribution. The simulation results for each array pair are
compared using following metrics: overall array similarity, matching sphere locations,
and the difference in coupled dipole coverage. It will be shown that Qext is highly
dependent on the makeup of the coupled dipoles within an array, while current density is
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influenced by similarities in both the coupled dipoles and matching sphere locations
similarity, and TDP is almost completely dependent on the overall similarity between two
arrays.
Once the dependencies have been identified the acceptable margin of vacancy error
for the individual responses may be determined. To create a large sample size, ten arrays
are randomly generated for each of the following percent of error rates: 10, 30, 50, 60, 70
and 90. The arrays are then used as templates to be modeled and the responses simulated
with COMSOL. The expected response for each property is then found by averaging the
results of the ten simulations in each error group. To account for how changes in the
array planes angle, the entire process is completed three times, once for each of the
following alignments with respect to the plane of the incident wave: horizontal, at 45°,
and vertically.
The results determined there is a red-shift from 500-510 nm when Qext stays above
the threshold vacancy rate of 50%, and its response is independent from the alignment of
the array versus the incident plane wave. The threshold for current density is 60% with
the peak response occurring at 540 nm and is also independent of the array angle. For
TPD there is a red-shift in the peak response from 510-520 nm when the array angle
changes from vertical to either horizontal or angled at 45°. The error threshold for TPD
remains consistent at 50% rate of vacancy for all three angles.
When the vacancy rate threshold is fixed to be no less than 50% across all properties,
there is a constant shift in the peak response between each property relative to Qext,
current density is red-shifted 30 nm ahead and TPD is red-shifted 10 nm ahead in the
response of TPD. The constant shift allows Qext to be reliably used as a tuning
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mechanism for predicting the response of both current density and total power
dissipation.
The complete process of model validation, determining distribution dependencies,
and simulating the various rates of vacancy at each angle of alignment involved a total of
214 COMSOL models and simulations. Only a select portion of the simulated results will
be used to reinforce the material discussed in this thesis.
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Chapter 2
Background
Mie Scattering
Mie scattering theory is an exact solution to Maxwell’s equations for scattering by a
sphere and can be used to calculate extinction efficiency. The full derivation of the Mie
scattering solution to Maxwell’s equations involves taking a plane wave and expanding it
into a series of spherical wave functions. The process, while straight forward, is an
exercise in mathematical endurance and beyond the scope of this thesis. A full derivation
can be found in Chapter 4 of Bohren and Huffman’s, “Absorption and Scattering of Light
by Small Particles” (1998). The remainder of this section will focus on the Mie solution
for Qext.
The first step in solving for Qext is to compute the Mie coefficients a n, bn and cn, dn.
The Mie coefficients an and bn are used to calculate the scattered field, while cn and dn are
used for internal calculations. Due to the spheres being much smaller than both the
wavelength and its electric field’s penetrating depth, only the coefficients used in solving
the scattering field will be derived. To avoid confusion j will be used when representing
Bessel functions and i will be used to annotate imaginary numbers.
Mie Coefficients an, bn
(

(

)[

(

)[

(

)[
)[

( )]
( )

( )[
( )

( )]

( )]
( )

( )[

( )[
( )

( )]

(

( )[

)]
(

(

)]

)]
(

)]

(1)

(2)

The parameters used here are all dependent on the material properties of the sphere and
are defined as follows:
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Size Parameter
, Here a is the radius of the sphere.

(3)

Wavenumber
(4)
Refractive index with respect to the ambient material
)

√(
√(

(5)

)

The permeability and permittivity, ε1 and µ1 respectively, for the gold nanospheres
will be provided using the data derived by Johnston and Christy (1972). The ambient
material will be air, making permeability ε and permittivity µ equal one. This simplifies
the refractive index into the following:

√(

)

(6)

The Mie scatter solution is an infinite series making the index n valid from 1. To
reduce computational time, Bohren and Huffman (1998) suggest using the size parameter
x to truncate the maximum index value:
⁄

(7)

Now that the Mie coefficients are solved, the scattering (Csca), absorption (Cabs), and
extinction (Cext) cross sections can be found. Each term is defined by its respective
energy rate (W) divided by the irradiance (I) of the incoming beam. For example Csca is
related to the scatter energy rate. The cross sections are defined as follows:

(

∑
∑

)
∫ (

(

);

| |

|
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(8)

| )

;

(9)

∑

(

)(|

|

|

| );

(10)

Due to the conservation of energy the following is also true:
(11)
With the cross sections solved, the corresponding efficiencies can finally be calculated
simply by normalizing the cross section by its geometric cross section.
(12)
(13)
(14)
Once again due to the law of conservation:
(15)
The above equation shows that Qext accounts for all the power removed from the
incident wave by a single sphere. Meaning Qext is the ideal parameter for measuring the
plasmonic response in spheres much smaller than the wavelength of light.
Plasmonic Resonance of a Thin Film
Surface plasmon resonance (SPR) is an optical property that many metamaterials are
engineered to manipulate. This property is found in metallic nanomaterials, such as thin
films, and occurs when an incident electromagnetic wave is p-polarized and travels on the
surface of the film, along the dielectric interface (Novotny & Hecht, 2008). The process
of optically inducing a plasmonic response was verified in 1969 through separate
experiments by Otto and Kretschmann (Novotny & Hecht, 2008). These experiments are
well known and called the Otto configuration and Kretschmann configuration.
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In both experiments reflectivity is used to measure the plasmonic response. The
process is shown in Figure 1 (Tomio, 2007) and consists of a p-polarized light source,
prism, thin metal film, and detector to measure the reflected light. The only difference in
two experiments is that the Otto configuration has a gap between the metal film and
prism and the Kretschmann configuration does not.

Figure 1. (A.) In the Otto confoguration there is an air gap acting as a dielectric between
the prism and metallic film. Here, the evinesent wave of the plasmonic resonance travels
along the surface of the thin flim. (B.) The Kretchmann configuration attachs the film to
the prism and the wave travels along the interface. From Tomio. (2007) Otto and
Kretshchmann configurations of SPR measurement [Image].Retrieved from
http://en.wikipedia.org/wiki/Surface_plasmon_resonance

The experiments are conducted by changing the angle of incidence until total internal
reflection is achieved. This can be observed when the measured reflectivity at the
detector suddenly drops to zero. The plasmonic resonance of the material is then plotted
as a function of reflectivity versus the angle of incidence as shown Figure 2 (Haraszti,
1997).
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Figure 2. Example illistarting the plasmonic response plotted as reflectivity versus angle
of indedence. The reponse occurs when total internal reflection is achieved, which is
indicated by the reflectivity dropping to zero. From Haraszti, T. (1997). SPR absorption
data [Image]. Retrieved from http://en.wikipedia.org/wiki/Surface_plasmon_resonance

Plasmonic Resonance of a Sphere
A plasmonic resonance is induced in a metallic nanosphere when an incoming beam
of light causes the sphere surface’s free electrons to shift in the direction of the incident
wave’s electric field (Novotny & Hecht, 2008) as seen in Figure 3 (Laaksonen et al.,
2013). The free electrons then shift in the opposite direction, due to the restorative force,
causing the surface electrons to oscillate.
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Figure 3. Example showing the plasmonic resonance of metallic nanospheres occurring
in the direction of an incidental light wave’s the electric field. From Laaksonen, K.,
Suomela, S., Puisto, S.R., Rostedt, N.K.J., Ala-Nissila, T., & Nieminen, R.M. (2013).
Electron oscillation in resonance with a light wave due to SPR [Image]. Retrieved from
http://physics.aalto.fi/groups/comp/msp/research/plasmonics/

Unlike the thin film example in Section 2.1, reflective and angle of incidence have no
influence on the response of a nanosphere. Reflectivity cannot be used since there is
almost zero scatter or reflection due to the nanosphere being much smaller than the
wavelength of light. Adjustments in the angle of incidence lose all meaning because of
the inherent geometric properties of a sphere. Therefore the response is commonly
measured using its extinction efficiency. This is because Qext accounts for the all power
removed from the incoming wave by a sphere and was previously derived in Section 2.1.
Therefore the plasmonic resonance can be said to occur when the magnitude of Qext is at
its peak (Novotny & Hecht, 2008).
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Plasmonic Resonance of Gold Nanoparticles
Optical properties of gold nanoparticles have been observed since the days of the
Roman Empire. The most famous example is the Lycurgus Cup, Figure 4, from around
the 4th century AD. It is made from a dichroic glass that has both gold and silver
nanoparticles dispersed throughout the glass matrix. The surface plasmon resonance of
the dispersed nanoparticles cause the surface electrons to oscillate in manner described in
Section 2.4. The oscillation scatters all wavelengths of light except red, causing the cup
to change colors from green to red when lit from behind (Merali, 2013). This property is
also seen in the red stained glass of medieval churches.

Figure 4. The Lycurgus Cup exhibiting a visual example of gold nanoparticles plasmonic
resonance. From Ginzler, N. (2013, Aug. 28) Lycurgus Cup [Image] Retrieved
from http://www.nicolaginzler.com/2013/08/28/this-1600-year-old-goblet-shows-thatthe-romans-were-nanotechnology-pioneers/
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Previous research has experimentally proven that the SPR of gold nanoparticles is
responsive at wavelengths in the near and far infrared range. The response is highly
dependent on the shape and size of the particle, specifically its absorption cross section
(Cabs). Researchers normally use the Mie scattering solutions for Maxwell’s equation to
calculate Qext as a measurement for determining gold particles plasmonic resonance,
because it is the total solution for both absorption and scatter.
It has been experimental proven that there is red-shift of the SPR along with a linear
relationship between Qext’s magnitude and the cross section radius of gold nanoparticles.
Figure 5 is an example of the results of one such experiment conducted by Dr. Mathew
Maye and Kristen Hamner (2000).

Figure 5. Absorption versus wave and size are plotted demonstrating the linear
relationship between the absorptions’ magnitude and the size of a gold nanoparticle.
From Hamner, K., Maye, M. M. (2000). Quantification of gold nanoparticles using the
thermoscientific nanodrop 2000 spectrophotmeter. Thermo Scientific

The strong optical absorption properties of gold nanoparticles is known to effect other
useful properties such as current density (Sivasubramaniam, Kumar, Golovko, & Alkaisi,
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2013) and total power dissipation (Hanson & Patch, 2009). This will be important in a
future study on the thermal reactions of gold nanospheres
DNA Self-Assembly
DNA self-assembles naturally and scientist can exploit this to engineer strands to bind
together. This is accomplished by controlling the length and complementary pair
sequence of the DNA sections. With this method it is possible to create complex shapes
and structures, more commonly called DNA origami (Kuzuya & Komiyama, 2010).
Figure 6 shows the results of research conducted by Harvard University’s Institute for
Biologically Inspired Engineering where DNA strands sequences were engineered and
self-assembled in to create 107 distinct shapes (Wei, Dai, & Yin, 2012).

Figure 6. The above shape where created using DNA origami at Harvard University’s
Institute for Biologically Inspired Engineering. From Wei, B., Dai, M., & Yin, P. (2012).
Complex shapes self-assembled from single-stranded DNA tiles. Nature, 485(7400), 623626.
DNA can also be utilized as a self-assembling building material or glue to bind
nanoparticles together. This is a bottom-up technique, which allows the assembly of
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smaller pieces to be constructed into a larger structure, not unlike the way a child will use
toy blocks of various sizes to build a castle (Li, Carter, & LaBean, 2009). Dr. Russell
Deaton at the University of Memphis has collaborated with Dr. Jin-Woo Kim from the
University of Arkansas to patent a method of attaching DNA to nanospheres (2013). By
exploiting the self-assembly properties of DNA they hope to engineer various nano-scale
metamaterials by adjusting the length of the DNA molecule along with size and
composition of the nanospheres. The proposed uses of these materials range from
enhanced solar cells to the theranostic treatment of cancer (Li et al., 2009).
Cancer Research
There optical properties of gold nanoparticles are leading to some very promising
results in cancer research, such as its high absorption cross section at near infrared
wavelengths. These properties are being applied to the diagnostics, therapy, and
theranostic areas of cancer research.
Enhanced imaging techniques that use gold nanoparticles are currently being tested to
better diagnose cancer. One method is to inject the patient with a solution containing gold
nanoprobes that will specifically target and attach to tumors. The patient is then given a
standard computed tomography (CT). The gold nanoparticles cause an increase in X-ray
attenuation giving the CT images a much higher level of contrast, allowing the tumor to
be analyzed on the molecular level (Popovtzer et al., 2008).
In the field of cancer therapy, researchers have already used the optical properties of
gold nanoparticles to successfully removed tumors in mice. The tumors were removed by
injecting nanoshells comprised of a 12nm gold outer-shell around a 119 nm silicon core
directly into the tumor. A thermal reaction is generated in the gold particles by irradiating

14

the tumor with high speed pulses from an infrared laser. These pulses turn on and off the
SPR of the gold causing the particle to quickly expand and contract which in turn
generates heat destroying the tumor. (Hirsch et al., 2003; Lal & Halas, 2008)
Beyond diagnosis and therapy there is also the exciting prospect of using gold
nanoparticle to combine the two processes into a one-step theranostic treatment. The idea
being to attack the cancer cells directly. The proposed method is to partially embed a gold
nanoparticle with a strand of DNA. This strand of DNA would be specifically sequenced
to attach to the DNA of the cancer cell (Zheng, Hunting, Ayotte, & Sanche, 2009). The
entire body could then be radiated with infrared causing a thermal reaction. If this DNA
targeting method works there would be no need to know the location of the cancer cells,
allowing for metastasized cancer cells to be targeted and destroyed simultaneously.
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Chapter 3
Methods
Property Parameter Choices
The first step in modeling the response is to define the parameters that will be
measured in the output of the simulation. The first choice is Qext and has been
thoroughly defined in Chapter 2.
The next two properties, current density and the total power dissipation, where chosen
for the following reasons; the peak response of Qext can be used to predict their
maximum responses and both properties are key for any future studies in thermal
reactions.
COMSOL Model
COMSOL is a commercially available multiphysics simulator with the capability to
create a wide range of complex physics based models and simulations for various
scientific and industrial purposes. It has several physics interfaces that refer to general
fields of study, such as the fields of electrical or mechanical engineering. These interfaces
are further broken down into more specific modules. For example, in the electrical
interface there are modules designed for studies in fields such as wave optics or
semiconductors.
These modules can be then combined into more complex studies. For instance, the
wave optics module in the electrical interface can be combined with the heat transfer
module in the mechanical interface to conduct a study of how electromagnetic waves
induce a thermal reaction in a material.
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Since the majority of COMSOL calculations are completed by built in functions any
simulation results need to be independently validated. This was accomplished by creating
a separate simulation in Matlab to calculate the Mie scatter solution of Qext for a single
gold nanosphere. These results are then compared to the results of a COMSOL simulation
using the same input parameters. Similar results were obtained and are shown in Chapter
4.
Matlab simulation of a single gold nanosphere. The Johnson and Christy (J&C)
(1972) data for the dielectric properties of gold was used in combination with Christian
Mätzler’s MATLAB (2002) functions for Mie scattering and absorption to create a
simple MATLAB script that calculates the theoretical Mie scattering solution. For ease of
use with the MATLAB Mie calculation functions the J&C data is first converted from
electronvolts (eV) to wavelength (nm) with Equation 16. The value in the numerator of
the equation below is simply Planck’s constant times the speed of light in a vacuum.

(

)

(

(16)

)

The converted data is then interpolated to correspond with wavelengths ranging from
400 to 700 nm at 10 nm intervals. The converted and interpolated data is then used in the
MATLAB script Mie_Validation to calculate the extinction efficiency (Qext) of a single
gold nanosphere with a radius of 1.5 nm. The results are plotted versus wavelength to be
compared with the results from the COMSOL simulation.
COMSOL simulation of a single gold nanosphere.
Geometry and material properties. COMSOL’s built in calculations for wave optics
must be performed in the frequency domain, therefore by using Equation 17 the
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converted and interpolated J&C (1972) data from the MATLAB simulation is now
converted from wavelength to frequency.

(17)

These are saved as the separate parameters ε’ = esp_real and ε" = esp_imag to be used as
the real and imaginary portions of any calculations involving the dielectric properties of
gold. The dielectric values of gold can be found in Appendix A.
The geometry that makes up the model’s inactive environment is made of two
regions, shown in Figure 7, the perfectly matched layer (PML) region (A.) and the
physical domain (B.). The outer cube is the PML region, which is used to provide a
limiting boundary on all calculations by absorbing all interactions that reach it. The inner
cube is the physical domain; this is where all modeled interactions are simulated. The
physical domain is 750 nm3, allowing for a 700 nm plane wave to propagate through the
environment whose material property is predefined as air by COMSOL’s built in property
library. Suspended directly in the center of the physical domain is a 3 nm3 gold
nanosphere whose dielectric properties were previously defined.
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Figure 7. (A.) The perfectly matched layer (PML) is the hollow outer cube highlighted in
purple. The walls that make up the PML region are 150 nm thick and bound the
simulation to the physical domino. (B.) The physical domain is the region were all of the
simulations interaction happen. This area consists of a 750 nm3 cube of air with a 3 nm3
gold nanosphere suspended directly in the center.

Once the geometry is finished the interactions to be studied must be defined. The
model in this study is being created to simulate the interaction of between the gold
nanosphere and a s-polarized plane wave traveling along the z-axis with its
electromagnetic field (E-field) propagating in the y-direction. Two interactions must be
calculated to accomplish this; define the wave equations (ewfd) for an incoming wave as
it propagates through the physical domain and calculate the scattered field (ewfd2).
Full field solution. The solution ewfd is the full field solution and defines an
incoming periodic wave traveling through air; therefore, the refractive index is 1 for the
entire physical domain including the nanosphere. This allows the full field solution to be
calculated as if there were no sphere and because the calculation of ewfd2 overwrites the
properties of the sphere there is no need to create a separate simulation to define ewfd.
The input and output ports are shown in Figure 8 and are defined as Port 1(A.) and
Port 2 (B.). Port 1 is turned on with an input power Pin of 1 watt and defines the electric
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field E0 along with the propagation constant β. Port 2 is turned off with the propagation
constant set to 0, setting the stopping point of the wave.

Figure 8. (A.) The plane shaded purple at the top of the physical domain is the input port;
it defines the input port power Pin, electric field E0, and propagation constant β. (B.) The
plane shaded purple at the bottom of the physical domain is the output port; it turns off
the port and stops the wave by setting the propagation constant to zero.

Next the periodic conditions must be established by defining k as a Floquet
periodicity kF = (kx, ky, 0). Here the wave vector kz equals zero because the direction of
propagation is in the z-plane. The planes used to define the periodic conditions are shown
in Figure 9 and form the outer wall boundaries’ of the physical domain by making the
parallel planes in Figures 9 A. and B. equal one another.

Figure 9.(A. B.) The purple shaded planes show where the periodic conditions are
defined along the yz-plane and xz-plane respectively.
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Scattered field solution. The scatter solution ewfd2 is calculated using wave
equations defined in ewfd as the background electric field Eb. The gold nanoparticle’s
material properties, defined in Section 3.2.2.1, are now used to calculate the scatter of Eb
due to dielectric losses caused by the particle. This solution describes the changes caused
by absorption and scattering in the resulting wave equations.
The output of ewfd2 overwrites all the conditions set in ewfd, therefore, the PML
region defined in Section 3.2.2.1 must be used to absorb the outgoing scatter interactions.
Creating a subdivided mesh. COMSOL is a numerical simulator and all calculations
in the model must be bound. The first step to bounding the problem was creation of the
PML region, which bounds all outward interactions to the physical region. Next the limits
of integration are defined by subdividing the entire geometry in to smaller pieces, or
meshes. Meshing the geometry highly dependent on the needs of the user, smaller
subdivision give a greater degree of precision but require larger amounts of memory and
can drastically increase a simulations run time. This should be the final step before
running any COMSOL simulation, because if any changes are made in the geometry the
entire model will have to be re-meshed.
The meshing of this model focuses only on the immediate area around the sphere;
therefore its mesh is subdivided into 0.7 nm sections, while the remaining subdivisions
are much larger. This change in subdivision scale allows there to be a greater degree of
precision around the sphere while not wasting calculation time as the distance from the
sphere increases. The difference in subdivision size can be seen in Figure 10.
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Figure 10. (A.) Here the outer sections of the mesh can be seen. (B.) The extreme
difference the sphere’s and the rest of the model’s mesh size is clearly evident. The
faintness of the image in B. occurs from having to look “through” the outer layers.
Array Selection to Represent Manufacturing Errors
A 5 x 5 array of gold nanospheres was created to act as the “material” being
manufactured. Arrays were generated with the probability of error, or vacancy, varying
from 0 to 90% at 10% increments. The error is randomly applied as a Bernoulli trial for
each node, with all nodes in the array having the same probability of error and each array
has a binomial distribution of spheres whose expected value is the predetermined
percentage of vacancy. There are ten arrays per vacancy group, making a total of 60 array
templates generated for this study.
Figure 11 compares an example of a perfect array and one generated with a 50%
vacancy rate. A complete list of generated arrays can be found in Appendix B.
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Figure 11. Example comparison of a perfect array and array generated with a 50 percent
error rate.

Identifying Sphere Distribution Dependencies
To determine the properties’ dependencies on sphere distributions, arrays were
compared that contain different distributions of the same number of spheres. These arrays
were selected at approximately 10, 30, 50, 70, and 90% rate of vacancy. Figure 12 is an
example of two arrays containing 17 spheres at different distributions. The full list of
selected array pair can be found in Appendix C.

Figure 12. Here is a comparison of arrays (A. and B.) each contain17 spheres at different
distributions.
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The following calculations were used to describe how the material properties are
dependent on distribution. To find the overall similarity in both vacant and occupied
locations of two arrays, they are first represented as a binary matrix of ones and zeroes
that correspond to their occupied and vacant sites. Next take the difference of the
matrices and count the number zeroes contained in the output matrix. Finally divide that
number by the total size of the array resulting in a percentage that represents the overall
similarity of two arrays.
Example 1. Figure 13 shows how the 3D array is represented as a binary matrix a full
list of binary representation are contained in Appendix D. In Figure 14 two matrices are
subtracted and have a count of 11 zero’s. This is divided by the maximum possible value
of 25, giving the arrays’ a similarity of 44 %.

Figure 13. Example of how a 3D array is represented as a matrix of ones and zeros.

Figure 14. Example using the array pair shown in figure 5, showing how to find the
similarity between two arrays.
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To isolate the similarities of only occupied locations, the sum of the matrices are
calculated and this time the number of twos are counted. The result is a percentage
representing identical sphere location matches and will be referred to as nodal similarity.
Example 2. Figure 15 shows the process of calculating nodal similarities. First the
two matrices from Example 1 are now added together. The numbers of twos in the
resultant matrix are counted and this value is divided by the maximum possible number
of sphere matches, again 25. The arrays in this example have a 40% nodal similarity.

Figure 15. The nodal similarity is calculated using the arrays from Example 1.
Next a measurement is needed to understand how the coupling between dipoles
affects their material properties. Electric dipole coupling only occurs in the direction of
the incidental wave’s electric field, in this case the y-direction. Also there is no coupling
across vacancies due to extreme size difference between the incoming wave and
nanosphere. To simplify the measurement a scoring method was used to represent the
amount of coupling within an array.
Each boundary where two spheres meet is counted as a coupled dipole and only
boundaries in the y-direction, or in the case of the matrix representation within a column,
count. The total count is divided by 20, the maximum possible number of coupled
dipoles, to give a percentage representing amount of coupling coverage in a single array.
The percent difference of an array pair’s coupling is then calculated to determine the
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amount of influence the change in their individual sphere distributions is having on the
amount of couple between the two. In the next chapter this difference will be shown to be
extremely important in the way properties such as Qext behave.
Example 3. Figure 16 is the matrix representation of two arrays containing different
distributions of 17 spheres. To calculate the percent difference of the coupling within the
two arrays, the amount of their individual coupling must first be found. The number of
boundaries between occupied locations, indicated by a red line, for each column in a
matrix is counted. Array A. contains 9 coupled dipoles or 45% coupled dipole coverage,
while array B contains 10 coupled dipoles making for 50% coupled dipole coverage. This
brings the percent difference in coverage between the array pairs’ to 10%.

Figure 16. To find the percent difference in dipole coupling coverage of two arrays, the
boundaries of neighboring occupied locations are, indicated in red, counted. Then that
number is divided by the maximum possible number of coupled dipoles. Then the percent
difference is calculated using the previous value found each array.
COMSOL Models to Simulate the Selected Arrays Arranged Vertically,
Horizontally, and Slanted at 45°
Finally the results for Qext, current density, and total power dissipation were
calculated using COMSOL for each of the error groups. The simulations use the
COMSOL model previously created in Section 3.2.2, the only difference is that the single
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sphere is replaced by the generated array to be studied. The average of each error group is
plotted to find the peak expected response and then compared to the average peak current
density and total power dissipation.
This process is repeated with generated arrays aligned horizontally along the xyplane, at 45° with respect to xz-plane, and vertically along the xz-plane. Figure 17 shows
the perfect array templates used for all three alignments.

Figure 17. The array templates are aligned at zero, 45, and 90% with respect to the xzplane.
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Chapter 4
Results
The results presented in this chapter where obtained from COMSOL models
simulating the interactions between an array of gold nanospheres that are 3nm in
diameter and an s-polarized plane-wave propagating along the z-axis whose electric field
oriented in the y-direction.
COMSOL Verification Results
The COMSOL model is clearly validated by, Figure 18, comparing the Qext results
of the Mie scattering MATLAB calculations and the COMSOL simulation. The mean
average percent difference between the data sets is only 8.3% and more importantly the
maximum responses of both occur at 510 nm with identical peak Qext magnitudes of
0.07. The exact match in peaks further strengthens the confidence in the validity of the
COMSOL simulation results.
Gold Sphere 1.5[nm] in radius Matlab vs COMSOL Qext Comparison
0.08
Matlab Qext
Comsol ext
0.07

Extinction Efficiency Qext
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5
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Wavelength (nm)
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Figure 18. Plot comparing of both the Mie scattering and COMSOL results of Qext for a
single 3 nm3 gold nanosphere.
28

Array Pair Results
The following are the distribution dependency results obtained using the methods
described in Chapter 3. Identical arrays are used in the following sections, with the only
change being the alignment of the array plane with respect to the incidental plane-wave.
The measurements for array similarity, nodal match, and coupled dipole similarity are
independent of the array-plane alignment and do not change with adjustments to
alignment, Tables 1 and 2. It should be noted that any rotation with respect to the
direction of the electric field will change the composition of the coupled dipoles
contained in an array.

Table 1
Shown Here are the Percentage of Overall Array Similarities and Nodal Matches
Between Arrays Containing the Same Number of Spheres with Different Distributions
Num. of Spheres

Array Similarity

Nodal Match

22 Spheres

76%

76%

17 Spheres

44%

40%

12 Spheres

36%

16%

7 Spheres

52%

4%

2 Spheres

92%

4%
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Table 2
The Distributions A and B, Show the Percentage of Dipole Coupling Coverage for Each
Arrays’ Sphere Distribution. The Last Column Gives Their Percent Difference in
Coupled Dipole Coverage
Num. of Spheres

Distribution A

Distribution B

Dipole Difference

22 Spheres
17 Spheres

65%
45%

85%
50%

26.7%
10.5%

12 Spheres

20%

15%

28.6%

7 Spheres

0.05%

0.1%

66.6%

2 Spheres

0%

0%

0%

Horizontally along the xy-plane. The following results are for arrays aligned
horizontally along the xy-plane.
Qext sphere distribution dependencies. Figures 19 -21 along with Tables 1-3 show
that for arrays aligned horizontally along the xy-plane horizontal, the percent difference
of Qext is influenced predominantly by dipole coupling. This is most evident in the
arrays containing 7 spheres. Here there is a 48% margin between the array similarity and
nodal match, indicating that they are both predominately empty space, but Table 2 shows
a 66.7% difference in the influence of their coupled dipoles, meaning that one of the
arrays’ must contain a larger amount of coupling coverage. In Figure 20 the electric fields
of the arrays labeled A. and B. show this to be true. Here array B’s electric field coupling
is twice as large due to the placement difference of one sphere.
Figure 21 is a plot comparison of the absolute percent difference in the magnitude of
Qext for each array pair. Notice that the array pairs with a large percentage difference in
the magnitude of Qext are also the ones with a large difference in coupled dipoles, low
array similarity, along with low nodal matches, Tables 1 and 2. When taken together, this
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indicates that the influence of the coupled dipoles on Qext’s magnitude decreases as the
amount of spheres in an array increases.
Table 3
Mean Absolute Percent Difference of Qext for Array Pairs Aligned Horizontally Along
the xy-plane
Num. of Spheres

Qext Percent Difference

22 Spheres

2.07%

17 Spheres

3.53%

12 Spheres

10.49%

7 Spheres

18.50%

2 Spheres

0.92%

Qext Comparison of Two Grids Each Containing 7 Spheres at Two Distributions
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Figure 19. Qext comparisons of two arrays that are both aligned horizontally along the
xy-plane and contain a different distribution of 7 gold nanospheres.
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Figure 20. A comparison of the 7 sphere array pair’s electric fields to show the difference
in coupled dipole distribution.
Absolute Percent Difference Comparison of Qext Between Two Distributions
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Figure 21. Absolute percent difference of Qext between arrays aligned horizontally along
the xy-plane with the same number of but different distributions.
Current Density’s sphere distribution dependencies. The current densities for arrays
aligned horizontally seem to have multiple dependencies, with coupled dipole coverage
having a bit more influence than the others. This is observed in the arrays with a small
margin of difference between their overall similarity and nodal match Table 1 and 2, such
as the array pair containing 17 spheres. In this case the sphere count is high, while the
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similarity and nodal match are both relatively low. Combining this with the low dipole
difference, Table 2, and their high current density difference, Table 4, implies that the
dipole coupling is the more dominant dependency.
Figure 23 validates this implication by showing a slice of the current density for the
array pair containing 17 spheres. Array A has only one less coupled dipole than array B,
but this small difference leads to the large margin in the magnitudes of their current
densities.
Table 4
Absolute Percent Difference of Current Density for Each Array Pair
Num. of Spheres

CD Percent Difference

22 Spheres

8.03%

17 Spheres

14.15%

12 Spheres

8.59%

7 Spheres

16.42%

2 Spheres

0.85%
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Current Density Comparison of 17 Spheres for Two Distributions
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Figure 22. Current density comparisons of two arrays that are both aligned horizontally
along the xy-plane and contain a different distribution of 17 gold nanospheres.

Figure 23. 3D slices showing the current density of the two arrays containing 17 spheres
and aligned horizontally along the xy-plane. Notice that the array on the left has fewer
coupled dipoles than the array on the right.
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Absolute Percent Difference Comparison of the Current Density Two Distributions
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Figure 24. Absolute percent difference in current density between arrays with the same
number of spheres but different distributions. The arrays are aligned horizontally along
the xy-plane
Total power dissipation’s sphere distribution dependencies. The total power
dissipation similarities of arrays aligned horizontally along the xy-plane are almost
entirely dependent on the overall similarity between the arrays. This becomes more
evident when looking at the results of the 12 sphere array pair. Here the pair has the
highest TPD difference, Table 5, but the lowest percentage of array similarity, and has
neither the lowest nodal match, Table 1, or difference in dipole coverage, Table 2. All of
which point to overall array similarity being the dominate dependency for total power
dissipation.
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Table 5
Absolute Percent Difference of Total Power Dissipation for Arrays Aligned Horizontally
Along the xy-plane
Num. of Spheres

TPD Percent Difference

22 Spheres

4.18%

17 Spheres

2.09%

12 Spheres

15.36%

7 Spheres

2.36%

2 Spheres

3.37%

13

12

x 10

Total Power Dissipation Comparison of 12 Spheres at Two Distributions
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Figure 25. Total power dissipation comparisons of two arrays that are both aligned
horizontally along the xy-plane and contain a different distribution of 12 gold
nanospheres.

36

Figure 26. Slice plot comparing the total power dissipations for a 12 sphere array pair
aligned horizontally along the xy-plane.

Absolute Percent Difference Comparison of TPD Between Two Distributions at Horixontal
25
22 Spheres
17 Spheres
12 Spheres
7 Spheres
2 Spheres

Absolute Percent Difference

20

15

10

5

0

4.5

5

5.5
Wavelength (nm)

6

6.5

7
-7

x 10

Figure 27. Absolute percent difference in total power dissipation between arrays aligned
horizontally along the xy-plane with the same number of spheres but different
distributions.
At 45° with respect to xz-plane
Qext’s sphere distribution dependencies. Qext similarity of array pairs aligned at 45°
with respect to xz-plane is highly influenced by coupled dipoles. The 7 sphere arrays
have neither the lowest amount of array similarity nor the nodal match. They do however
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have the largest amount of difference between their coupled dipoles, which leads to the
change in the magnitude of Qext as shown in both Table 6 and Figure 28.
Table 6
Absolute Percent Difference of Qext for Each Array Pair Aligned at 45° Along the xyplane
Num. of Spheres

Qext Difference

22 Spheres

2.89%

17 Spheres

5.29%

12 Spheres

10.28%

7 Spheres

14.91%

2 Spheres

0.60%
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0.7
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Figure 28. Qext comparisons of two arrays that are both aligned at 45° along the xyplane and contain a different distribution of 7 gold nanospheres.
Figure 29 shows how a difference in sphere distribution can change the coupling of
the electric fields. Figure 30 shows the percent difference in Qext’s magnitude versus
wavelength for each array pair.
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Figure 29. Electric field comparison of the 7 sphere array pair aligned at 45° with respect
to xz-plane and showing their coupled dipole distributions.

Absolute Percent Difference Comparison of Qext Between Two Grid Distributions
25
22 Spheres
17 Spheres
12 Spheres
7 Spheres
2 Spheres

Absolute Percent Difference

20

15

10

5

0

4.5

5

5.5
Wavelength (nm)

6

6.5

7
-7

x 10

Figure 30. Absolute percent difference of Qext between arrays aligned at 45° with
respect to xz-plane with the same number of spheres but different distributions.
Current density’s sphere distribution dependencies. The current densities for arrays
aligned at 45° with respect to the xz-plane also seem to have multiple dependencies, with
coupled dipoles having a bit more influence than the others. This is why the arrays
containing 22 spheres have a large but consistent difference in their current densities,
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Figures 33. The consistent difference in their current densities is due to their array
similarity and nodal matches being exactly the same, Table 1. The magnitude difference
in current density is caused by the small difference in the array pairs coupled dipole
coverage seen in Table 1.
This is more evident because the opposite is true for arrays containing 7 spheres. Here
the arrays are mostly empty space but, as explained in earlier, there is a large difference
in their coupled dipoles. In this instance the magnitude difference of the current densities
is very small because, unlike in the 22 sphere case, there are just not enough spheres to
induce much of a response in either array.
Table 7
Absolute Percent Difference of Current Density for Each Array Pair Aligned at 45° With
Respect to xz-plane
Num. of Spheres

CD Percent Difference

22 Spheres

12.94%

17 Spheres

8.21%

12 Spheres

11.84%

7 Spheres

1.54%

2 Spheres

6.01%
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Figure 31. Comparison of the 22 sphere array pair’s current densities aligned at 45° with
respect to xz-plane.
Figures 31 and 32 show how a small change in sphere distribution can have a large
influence on the dipole coverage and magnitude of the current density. Figure 33 shows
the percent difference of the current densities’ magnitude versus wavelength for each
array pair.

Figure 32. Slice plot comparing the current densities for the 22 sphere array pairs aligned
at 45° with respect to xz-plane.
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Absolute Percent Difference Comparison of Current Density for Grids with Two Distributions
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Figure 33. Absolute percent difference in current density between arrays aligned at 45°
with respect to xz-plane with the same number of spheres but different distributions.
Total power dissipation’s sphere distribution dependencies. The total power
dissipation similarity of arrays aligned at 45° along the xy-plane is again almost entirely
dependent on the overall array similarity, but with a larger dependency on the coupled
dipole difference. When comparing Tables 1 and 8 this becomes more apparent, because
as the array similarity decreases the percent difference of their total power dissipation
increases. The difference now is that the arrays containing 7 spheres have a slightly larger
change in power dissipation than the 12 sphere arrays, Table 8 and Figure 34. The 7
sphere arrays have the largest difference in dipole coupling, Table 2, but neither have the
lowest amount array similarities, nor nodal matches, Table 1. This reinforces the
conclusion that, while the overall array similarity is still the dominate dependency; there
is still a definite increase in the influence of coupled dipoles on total power dissipation
for arrays aligned at 45°.
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Table 8
Absolute Percent Difference of Total Power Density for Each Array Pair Aligned at 45°
With Respect to xz-plane
Num. of Spheres

Percent Difference

22 Spheres

4.67%

17 Spheres

3.29%

12 Spheres

15.06%

7 Spheres

16.12%

2 Spheres

3.37%

13

12

x 10
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Figure 34. Comparison of the array pair’s total power dissipation 7 sphere array pairs
aligned at 45° with respect to xz-plane.
Figure 35 shows how changes in sphere distribution can affect the magnitude in
current density. Figure 36 shows the percent difference of the current densities’
magnitude versus wavelength for each array pair.
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Figure 35. Slice plot comparing the total power dissipation for the 7 sphere array pairs
aligned at 45° with respect to xz-plane.
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Figure 36. Absolute percent difference in total power dissipation between arrays aligned
at 45° with respect to xz-plane with the same number of spheres but different
distributions.
Vertical along the xz-plane
Qext’s sphere distribution dependencies. For arrays aligned vertical along the xzplane the coupled dipole difference is once again the dominate dependency. The 7 sphere
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array once again has the largest difference in Qext, Table 9 and Figure 37, for the reasons
as the horizontal case.
Table 9
Absolute Percent Difference of Qext for Each Array Pair Aligned Vertically Along the xzplane
Num. of Spheres

Qext Difference

22 Spheres

3.29%

17 Spheres

10.17%

12 Spheres

12.56%

7 Spheres

21.08%

2 Spheres

0.83%
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0.7
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0.6
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Figure 37. Comparison of Qext for a 7 sphere array pair aligned vertically along the xzplane.

Figure 38 shows the 7 sphere array pair aligned vertically with respect to xz-plane.
Here it is easier to observe how the difference in the location of a couple of spheres can
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cause large changes in the coupling of the gold nanoparticles electric fields. Figure 39
shows the percent difference in Qext’s magnitude versus wavelength for each array pair.

Figure 38. Electric field comparison of the 7 sphere array pair aligned vertically with
respect to xz-plane and showing their coupled dipole distributions.
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Figure 39. Absolute percent difference of Qext between arrays aligned vertically along
the xz-plane with the same number of spheres but different distributions.
Current density’s sphere distribution dependencies. Just like in the previous
examples there are once again multiple dependencies involved in the magnitude
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differences of an array pairs’ current density, with the dipole coupling dependency still
having the stronger influence. Again the 7 sphere arrays are used for illustration, because
while being mostly vacant they still have a large difference in dipole coverage, Tables 1
and 2. This large gap in dipole composition is what leads to the difference in the current
density shown in Figure 40 and Table 10.
Table 10
Absolute Percent Difference of Current Density for Each Array Pair Aligned Vertically
Along the xz-plane
Num. of Spheres

CD Percent Difference

22 Spheres

4.47%

17 Spheres

16.08%

12 Spheres

15.69%

7 Spheres

18.24%

2 Spheres

11.23%
9

8.5

x 10

Current Density Comparison of 7 Spheres for Grids With Two Distributions
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Figure 40. Comparison of the array pair’s current density for the 7 sphere array pairs
aligned vertically with respect to xz-plane.
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Figure 41 shows a 7 sphere array pair aligned vertically with respect to xz-plane. The
effect of having more coupled dipole coverage is clearly seen in Figure 41 through the
increased concentration of current density in array A versus array B. Figure 42 shows the
percent difference in the current density’s magnitude versus wavelength for each array
pair.

Figure 41. Slice plot comparing the current densities for the 7 sphere array pairs aligned
vertically with respect to xz-plane.
Absolute Percent Difference Comparison of the Current Density for Grids With Two Distributions
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Figure 42. Absolute percent difference in current density between arrays aligned
vertically with respect to xz-plane with the same number of spheres but different
distributions.
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Total power dissipation’s sphere distribution dependencies. The results in Figure 43
along with Tables 1, 3, and 11 show that, as in the horizontal case, the percent difference
of total power dissipation is dependent on the similarity between arrays. As before, when
the similarity in array distribution goes down the percent difference in the total power
dissipation goes up, with the 12 sphere array pair having the largest magnitude difference
in TPD.
Table 11
Absolute Percent Difference of Total Power Density for Each Array Pair Aligned
Vertically With Respect to xz-plane
Num. of Spheres

TPD Percent Difference

22 Spheres

7.56%

17 Spheres

8.44%

12 Spheres

21.08%

7 Spheres

13.40%

2 Spheres

0.27%
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Total Power Dissipation Comparison of 12 Spheres at Two Distributions
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Figure 43. Comparison of the array pair’s total power dissipation for the 12 sphere array
pairs aligned vertically with respect to xz-plane.

Figure 44. Slice plot comparing the total power dissipation for the 12 sphere array pairs
aligned vertically with respect to xz-plane.
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Absolute Percent Difference Comparison of Total Power Dissipation for Grids With Two Distributions
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Figure 45. Absolute percent difference in total power dissipation between arrays aligned
vertically with respect to xz-plane with the same number of spheres but different
distributions.

Distribution Dependency Comparison at the Three Different Array Alignments

Table 12
Comparison of the Percent Difference in the Maximum Values of Qext for Each Array
Pair at the Three Different Alignments.
Num. of Spheres

Qext Difference

Qext Difference

Qext Difference

22 Spheres

2.07%

2.89%

3.29%

17 Spheres

3.53%

5.29%

10.17%

12 Spheres

10.49%

10.28%

12.56%

7 Spheres

18.50%

14.91%

21.08%

2 Spheres

0.92%

0.60%

0.83%
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Table 13
Comparison of the Percent Difference in the Maximum Current Density Values for Each
Array Pair at the Three Different Array Plane Alignments
Num. of Spheres

Percent Difference Percent Difference

Percent Difference

22 Spheres

8.03%

12.94%

4.47%

17 Spheres

14.15%

8.21%

16.08%

12 Spheres

8.59%

11.84%

15.69%

7 Spheres

16.42%

1.54%

18.24%

2 Spheres

0.85%

6.01%

11.23%

Table 14
Comparison of the Percent Difference in the Maximum Total Power Dissipation Values
for Each Array Pair at the Three Different Array Plane Alignments
Num. of Spheres

TPD Difference

Percent Difference

Percent Difference

22 Spheres

4.18%

4.67%

7.56%

17 Spheres

2.09%

3.29%

8.44%

12 Spheres

15.36%

15.06%

21.08%

7 Spheres

2.36%

16.12%

13.40%

3.37%

3.37%

0.27%

2 Spheres

Property Comparison of the Three Different Array Alignments at Specified Percent
Error Arrangements
The following are results of the COMSOL simulations using the arrays generated in
Chapter 3 to model possible vacancy errors caused during the manufacturing process. As
before the simulations have been repeated horizontally along the xy-plane, at 45° with
respect to xz-plane, and vertically along the xz-plane.
Including the perfect array there are 61 array templates 60 of which have been
randomly generated bringing the total number COMSOL simulations to 183.
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Arrays aligned horizontally along the xy-plane.
Average Qext at Various Percent Errors
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Figure 46. Average Qext is shown as a function of wavelength for arrays generated with
0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is aligned
horizontal along the xy-plane.
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Figure 47. Plot showing the near linear relationship between Qext and amount of error
for and array aligned at horizontally.
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Table 15
Average Maximum Qext Value and its Corresponding Wavelength for Arrays Generated
With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose Array Plane is Aligned
Horizontal Along the xy-plane
Percent Error

Max Qext

Wavelength (nm)

Zero Error

2.56

510

10% Error

2.17

510

30% Error

1.59

510

50% Error

1.21

510

60% Error

0.93

500

70% Error

0.70

500

90% Error

0.17

500
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Figure 48. Average current density is shown as a function of wavelength for an array
generated with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is
aligned horizontal along the xy-plane.
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Figure 49. Plot showing the break-points and non-linear relationships between current
density and the probability of error.

Table 16
Average Maximum Current Density Value and its Corresponding Wavelength for Arrays
Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose Array
Plane is Aligned Horizontal Along the xy-plane
Percent Error

Max CD (A/m2)

Wavelength (nm)

10

Zero Error

1.12 * 10

10% Error

9.41 * 109

540

30% Error

9.58 * 109

540

50% Error

8.53 * 10

9

540

8.65 * 10

9

540

7.12 * 10

9

530

5.81 * 10

9

530

60% Error
70% Error
90% Error

530

55

13

12

Average Total Power Dissipation at Various Percent Errors

x 10

Zero Error
10 Percent
30 Percent
50 Percent
60 Percent
70 Percent
90 Percent

Total Power Dissipation (W/m 3)

10

Error
Error
Error
Error
Error
Error

8

6

4

2

0

4.5

5

5.5
Wavelength (nm)

6

6.5

7
-7

x 10

Figure 50. Average total power dissipation as a function of wavelength for a array
generated with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is
aligned horizontal along the xy-plane.
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Figure 51. Plot showing the break-points and non-linear relationship between total power
dissipation and the probability of error for a horizontally aligned array.
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Table 17
Average Maximum Total Power Dissipation Values and Their Corresponding
Wavelength for Arrays Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of
Error, Whose Array Plane is Aligned Horizontal Along the xy-plane
Max TPD (W/m3)

Percent Error

Wavelength (nm)

1.16 * 10

14

510

10% Error

1.19 * 10

14

520

30% Error

1.18 * 1014

520

50% Error

1.10 * 1014

520

60% Error

1.08 * 1014

510

70% Error

7.75 * 1013

510

90% Error

13

510

Zero Error

4.78 * 10

Arrays aligned at 45° with respect to xz-plane.
Average Qext at Various Percent Errors
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Figure 52. Average Qext as a function of wavelength for a array generated with 0, 10, 30,
50, 60, 70, and 90% probabilities of error, whose array plane is aligned at 45° along the
xy-plane.
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Qext vs Percent Error
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Figure 53. Plot showing the near linear relationship between Qext and amount of error
for and array aligned at 45°.
Table 18
Average Maximum Qext Values and Their Corresponding Wavelength for Arrays
Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose Array
Plane is Aligned at 45° Along the xy-plane
Percent Error

Max Qext

Wavelength (nm)

Zero Error

2.78

510

10% Error

2.32

510

30% Error

1.65

510

50% Error

1.26

510

60% Error

0.94

500

70% Error

0.50

500

90% Error

0.17

500
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Figure 54. Average current density as a function of wavelength for an array generated
with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is aligned at
45° along the xy-plane.
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Figure 55. Plot showing the break-points and non-linear relationship between current
density and the probability of error for an array aligned at 45°.
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Table 19
Average Maximum Current Density Values and Their Corresponding Wavelength for
Arrays Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose
Array Plane is Aligned at 45° Along the xy-plane
Max CD (A/m2)

Percent Error

Wavelength (nm)

8.97 * 10

9

540

10% Error

9.64 * 10

9

540

30% Error

9.36 * 109

540

50% Error

9.15 * 109

540

60% Error

8.49 * 109

540

70% Error

6.50 * 109

530

90% Error

9

530

Zero Error

6.02 * 10

13
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Figure 56. Average total power dissipation as a function of wavelength for an array
generated with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is
aligned at 45° along the xy-plane.
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Figure 57. Plot showing the break-points and non-linear relationship between total power
dissipation and the probability of error for an array aligned at 45°.
Table 20
Average Maximum Total Power Dissipation Values and Their Corresponding
Wavelength for Arrays Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of
Error, Whose Array Plane is Aligned at 45° Along the xy-plane
Percent Error

Max TPD (W/m3)

Wavelength (nm)

Zero Error

1.16 * 1014

510

10% Error

1.19 * 10

14

520

30% Error

1.17 * 10

14

520

50% Error

1.10 * 1014

520

60% Error

1.08 * 1014

510

70% Error

7.75 * 1013

510

90% Error

13

500

4.78 * 10
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Arrays aligned vertical along the xz-plane.
Average Qext at Various Percent Errors
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Figure 58. Average Qext as a function of wavelength for an array generated with 0,
10,30,50,60, 70, and 90% probabilities of error, whose array plane is aligned vertically
along the xy-plane.
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Figure 59. Plot showing the near linear relationship between Qext and amount of error
for and array aligned at vertically.
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Table 21
Average Maximum Qext Values and Their Corresponding Wavelength for Arrays
Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose Plane is
Aligned Vertically Along the xy-plane
Percent Error

Max Qext

Wavelength (nm)

Zero Error

2.55

510

10% Error

2.19

510

30% Error

1.55

510

50% Error

1.20

510

60% Error

0.99

510

70% Error

0.52

500

90% Error

0.17

500
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Figure 60. Average current density as a function of wavelength for an array generated
with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is aligned
vertically along the xy-plane.
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Figure 61.Plot showing the break-points and non-linear relationship between current
density and the probability of error for an array aligned vertically.
Table 22
Average Maximum Current Density Values and Their Corresponding Wavelength for
Arrays Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of Error, Whose
Plane is Aligned Vertically Along the xy-plane
Percent Error

Max CD (A/m2)

Wavelength (nm)

Zero Error
10% Error

8.81 * 109
9.21 * 109

540
540

30% Error

9.58 * 109

540

50% Error

8.24 * 10

9

540

60% Error

9.17 * 109

540

70% Error

7.23 * 109

530

90% Error

5.46 * 109

530
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Figure 62. Average total power dissipation as a function of wavelength for an array
generated with 0, 10, 30, 50, 60, 70, and 90% probabilities of error, whose array plane is
aligned vertically along the xy-plane.
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Figure 63. Plot showing the break-points and non-linear relationship between total power
dissipation and the probability of error for a vertically aligned array.
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Table 23
Average Maximum Total Power Dissipation Values and Their Corresponding
Wavelength for Arrays Generated With 0, 10, 30, 50, 60, 70, and 90% Probabilities of
Error, Whose plane is Aligned Vertically Along the xy-plane
Percent Error

Max TPD (W/m3)

Wavelength (nm)

1.13 * 10

14

510

10% Error

1.17 * 10

14

520

30% Error

1.16 * 1014

520

50% Error

1.12 * 1014

520

60% Error

1.10 * 1014

510

70% Error

9.00 * 1013

510

90% Error

13

500

Zero Error

4.77 * 10

Comparison of Percent Error Arrangements Between Array Alignments
The following tables compare the maximum responses of Qext, current density, and
total power dissipation for each of the array plane alignments, along with the wavelength
at which the maximum response occurs.

Table 24
A Comparison of Maximum Values of Qext for Each of the Array Plane Alignments
Percent Error

Horizontal Max

45° Max Qext

Vertical Max Qext

Zero Error

2.78

2.55

10% Error

2.56
Qext
2.17

2.32

2.19

30% Error

1.59

1.65

1.55

50% Error

1.21

1.26

1.20

60% Error

0.93

0.94

0.99

70% Error

0.70

0.50

0.52

90% Error

0.17

0.17

0.17
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Table 25
A Comparison of the Wavelengths at Which Maximum Response of Qext Occurs for Each
of the Array Plane Alignments
Percent Error

Horizontal (nm)

45° (nm)

Vertical (nm)

Zero Error

510

510

510

10% Error

510

510

510

30% Error

510

510

510

50% Error

510

510

510

60% Error

500

500

510

70% Error

500

500

500

90% Error

500

500

500

Table 26
A Comparison of Maximum Current Density Values for Each of the Array Plane
Alignments
Percent Error

Horizontal Max CD

45° Max CD

10

8.97 * 10

Vertical Max CD

9

8.81 * 109

Zero Error

1.12 * 10

10% Error

9.41 * 109

9.64 * 109

9.21 * 109

30% Error

9.58 * 109

9.36 * 109

9.58 * 109

50% Error

8.53 * 109

9.15 * 109

8.24 * 109

60% Error

8.65 * 109

8.49 * 109

9.17 * 109

70% Error

7.12 * 109

6.50 * 109

7.23 * 109

90% Error

5.81 * 109

6.02 * 109

5.46 * 109
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Table 27
A Comparison of the Wavelengths at Which Maximum the Response of Current Density
Occurs for Each of the Array Plane Alignments
Percent Error

Horizontal (nm)

45° (nm)

Vertical (nm)

Zero Error

530

540

540

Percent
Error
10%
Error

540

540

540

30% Error

540

540

540

50% Error

540

540

540

60% Error

540

540

540

70% Error

530

530

530

90% Error

530

530

530

Table 28
A Comparison of Maximum Total Power Dissipation Values for Each of the Array Plane
Alignments
Percent Error

Horizontal Max

45° Max TPD

Vertical Max TPD

Zero Error

1.16 * 1014

1.13 * 1014

10% Error

1.16 * 1014
TPD
1.19 * 1014

1.19 * 1014

1.17 * 1014

30% Error

1.18 * 1014

1.17 * 1014

1.16 * 1014

50% Error

1.10 * 1014

1.10 * 1014

1.12 * 1014

60% Error

1.08 * 1014

1.08 * 1014

1.10 * 1014

70% Error

7.75 * 1013

7.75 * 1013

9.00 * 1013

90% Error

4.78 * 1013

4.78 * 1013

4.77 * 1013
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Table 29
A Comparison of the Wavelengths at Which the Maximum Response of Total Power
Dissipation Occurs for Each of the Array Plane Alignments
Percent Error

Horizontal (nm)

45° (nm)

Vertical (nm)

Zero Error

510

510

510

Percent
Error
10%
Error

520

520

510

30% Error

520

520

510

50% Error

520

520

510

60% Error

510

510

500

70% Error

510

510

500

90% Error

510

500

500
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Chapter 5
Conclusions
Discussion of the Simulation Results
Effects of sphere distribution. Knowledge of how a metamaterials overall
plasmonic resonance is affected by the distribution of its gold nanoparticles will allow for
a better understanding of how the random vacancies inherent in the self-assembly process
are changing the property behavior of the material. The results in Chapter 4 show the
maximum responses of Qext, current density, and total power dissipation all occurring at
the same wavelength. However the same results show that both the material structure and
the alignment of the array plane can have a large effect on the magnitude of a properties
response. For example, changes in an array’s dipole coupling cause large magnitude
differences in Qext, while only small magnitude changes occur when the angle is varied.
This implies that the response of Qext is more dependent on the coupling of dipoles than
the alignment of the array plane.
When it comes to current density the array pair results show various combinations of
all the defined dependencies at work. The only constant is that the coupled dipole
dependency seems to have more of an influence on the response, by a very small margin.
For total power dissipation the dominant dependency is consistently the overall array
similarity. Some dependence on coupled dipoles is shown when the array is aligned at
45°, but it is only a small increase with the overall array similarity still dominating the
response.
Influence of random error rate analysis. As expected the results in Chapter 4
universally show that as the rate of error increases the average response for all three
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properties decrease and for Qext this decrease has a linear relationship to the rate of
vacancy, which is shown in Figures 47, 53, and 59. There is also a small blue-shift at
50% rate of vacancy in the response of Qext for arrays aligned both horizontally and at
45° with respect the xz-plane, while the shift occurs at 60% rate of vacancy for vertically
aligned arrays.
Current density shows no linear relationship to the rate of vacancy, instead there are
two clear breakpoints for all array alignments, these breaks occur at 70 and 90% rates of
vacancy. There is also a blue-shift that happens at 70% rate of vacancy across all
alignments. The break-points and non-linear relationship between current density and the
percentage of vacancy errors are clearly demonstrated in the plots of Figures 49, 55, and
61.
Grouping of the total power dissipation is much tighter than the other two properties
with the average maximum values being within 7% of each other for arrays aligned
horizontally and at 45°, while vertically aligned arrays only have a 3% difference in
magnitudes until a sudden breakpoint occurs at 60% rate of vacancy for all array
alignments. The blue-shift of TPD’s response occurs at 50% rate of vacancy for each
alignment. The break-points and non-linear relationship between total power dissipation
and the percentage of vacancy errors are clearly demonstrated in the plots in Figures 51,
57, and 63.
The peak response for each property does not occur at the same wavelength but the
difference is constant with respect to Qext. Current density is red-shifted 30nm from Qext
and TPD’s red-shift is 10nm.
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Conclusions
As expected the analysis of the results show that no matter the array alignment, as the
error increases there is a linear rate of decrease in the magnitude of Qext. This allows for
a reliable prediction in the peak response of Qext. On the other hand there is a blue-shift
from 510-500 nm that occurs at 50% rate of vacancy for arrays aligned horizontally and
at 45°, but for vertically aligned arrays the same amount of shift occurs at 60% rate of
vacancy. Since the shift is not universal across all alignments the error threshold for the
metamaterial must be no lower than 50% to ensure a reliable response in Qext.
Both current density and total power distribution maintain a high average level of
response for arrays with a vacancy rate of 60% or lower. The 540-530 nm blue-shift for
the average maximum response in current density occurs at the transition between the
60% vacancy across all three alignments. Therefore current density has a threshold at
60% rate of vacancy.
The blue shift of total power dissipation is from 520-510 nm and occurs at 50% rate
of vacancy for arrays aligned horizontally and at 45°, but for vertically aligned arrays the
shift is from 510-500 nm for the same rate of vacancy. Even though the total power
distribution’s peak value does not occur at the same wavelength across all array
alignments the manufacturing threshold can still be set at a vacancy error rate of 50%
because at 520 nm the vertical responses magnitude is still in the range of 1014 W/m3.
The responses for Qext, current density, and total power dissipation are all results of
simulations using the same COMSOL model; therefore their maximum average responses
are independent of each other. This is very important because the maximum response of
the current density is red-shifted 30 nm from Qext’s maximum response and total power
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distribution’s response is red-shifted 10 nm. This constant shift combined with the fact
that Qext has a linear relationship with rate of vacancy; makes it the ideal property for
predicting the responses of the other two properties. This is only possible if thresholds of
the other properties are fixed at a 50%, matching Qext’s threshold.
For example, one could tune the wavelength of the incidental wave to 510 nm and if
the measured response of Qext is 1.21 or greater, then the metamaterial is known to have
a vacancy rate of 50% or less. With this knowledge a researcher can be confident that
there will be a maximum response in current density or total power dissipation by
increasing the wavelength of the incidental beam to 520 nm or 540 nm respectively.
Recommendations for Future Research
Lateral rotations in the array will in results to changes in the composition of coupled
dipoles. To complete the model these rotations needed to be accounted for by simulating
the response at various degrees of rotation.
The simulation results contained in this thesis are for arrays that are only 45 x 45 nm2,
which is suitable for a localized response of a bigger material. A follow up study should
be conducted on a much larger model to see if the behaviors observed here still hold true
at larger scales.
The human body is composed mostly of saltwater, which is frequency dependent.
Therefore the air environment should be replaced by a saltwater one to create a more
accurate COMSOL model.
The final recommendation is for a COMSOL model to be created where the array is
placed against another solid material. This would allow for a study to be conducted to see
if and how much of a thermal transfer can be induced.
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Appendix A: Johnson and Christy data for the dielectric of gold. Converted to the
frequency domain to be used in COMSOL

Frequency (THz)
749
731
714
697
681
666
652
638
625
612
600
588
577
566
555
545
535
526
517
508
500
491
484
476
468
461
454
447
441
434
428

ε’
-1.061
-1.064
-1.037
-1.033
-1.095
-1.245
-1.479
-1.785
-2.146
-2.547
-2.978
-3.430
-3.898
-4.379
-4.870
-5.371
-5.880
-6.396
-6.397
-7.450
-7.988
-8.532
-9.084
-9.642
-10.208
-10.780
-11.360
-11.947
-12.542
-13.144
-13.753

ε"
4.921
4.950
4.890
4.730
4.490
4.207
3.917
3.642
3.393
3.174
2.983
2.818
2.676
2.554
2.449
2.358
2.280
2.213
2.155
2.105
2.062
2.026
1.996
1.971
1.951
1.935
1.923
1.915
1.910
1.909
1.910
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Appendix B: Generated Array Templates
10% Vacancy Group

30% Vacancy Group

50% Vacancy Group
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60% Vacancy Group

70% Vacancy Group

90% Vacancy Group
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Appendix C: Array Pairs Containing Different Distributions of the Same Number of
Spheres

22 Spheres

17 Spheres

12 Spheres

7 Spheres
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2 Spheres
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Appendix D: Matrix Representations of the Generated Array Templates
10% Vacancy Group

30% Vacancy Group

50% Vacancy Group
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60% Vacancy Group

70% Vacancy Group

90% Vacancy Group
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